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IDEALS GENERATED BY 2-MINORS, COLLECTIONS OF CELLS 

AND STACK POLYOMINOES 

CN ! AYESHA ASLOOB QURESHI 

o 

CN I Abstract. In this paper we study ideals generated by quite general sets of 2- 

!-h ■ minors of an m x rt-matrix of indeterminates. The sets of 2-minors are defined 

by collections of cells and include 2-sided ladders. For convex collections of cells 
it is shown that the attached ideal of 2-minors is a Cohen-Macaulay prime ideal. 
Primality is also shown for collections of cells whose connected components are row 
or column convex. Finally the class group of the ring attached to a stack polyomino 
and its canonical class is computed, and a classification of the Gorenstein stack 

\^ • polyominoes is given. 
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Introduction 
Let K be a field and X = (iy)i=i,..,m be a matrix of indeterminates. In this paper 

3=1,. ..,n 

we study ideals generated by quite general sets of 2-minors of X. For any integer 
C^ ■ 1 < t < min{m, n}, the ideal generated by all t-minors of X is well understood, see 

[5] and [13] , and more generally the ideals generated by all t-minors of a one and two 
sided ladders, see for example [2J. Motivated by applications in algebraic statistics, 
^ | ideals generated by even more general sets of minors have been investigated, includ- 

ing ideals generated by adjacent 2-minors, see [7j, [5] and [9], or ideals generated by 
an arbitrary set of 2-minors in an 2 x n-matrix [1] . 

Given an ideal / generated by an arbitrary set of 2-minors of X, the question 
arises when J is a prime or a radical ideal and what are its primary components. 
As shown in [1], / is always radical if X is a 2 x n matrix and the authors give the 
explicit primary decomposition of such ideals. The problem becomes already much 
more complicated if m, n > 3. Easy examples show that I need not to be radical in 
general. 

In this paper we study ideals generated by inner 2-minors of a collection of cells. 
A cell is a unit square of M 2 whose corners are elements in N 2 . A collection V 
of cells is a finite union of cells. We denote by V(V) the set of corners belonging 
to the cells of V. In order to define the ideal of inner 2-minors of a collection of 
cells V we introduce some terminology First we introduce the partial order on N 2 
given by (i,j) < (k,l) if and only if i < k and j < I. The set N 2 together with 
this partial order is a distributive lattice. Let a,b G N 2 with a < b, then the set 
[a, b] = {c e N 2 | a < c < b} is an interval of N 2 . If a = (i,j) and b = (k, I), then the 
interval [a, b] is called a proper interval if i < k and j < I and the elements a, b, c, d 
are called the corners of the proper interval [a, b] where c = (k,j) and d = (i, I). In 
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particular, we call a, b the diagonal corners of [a, b] and c, d the anti-diagonal corners 
of [a, 6]. To each collection of cells V C N 2 , we attach an ideal Ip as follows. Let K 
be a field and S be the polynomial ring over K in the variables x a with a £ V(V). 
To each proper interval [a, b] of N 2 , we assign the binomial f a ^ = x a Xb — x c Xd, where 
c and d are the anti-diagonal corners of [a, b]. A proper interval [a, b] is called an 
inner interval of V if all cells of [a, b] belong to V. The binomial f a j> is called an 
inner 2-minor of V, if [a, b] is an inner interval of V. We denote by I-p C S the ideal 
generated by the inner 2-minors of V and by K[V] the quotient ring S/I-p. 

The class of ideals attached to a collection of cells includes, for example, the 
ideals of 2-minors of two sided ladders, but it is much more general. Interesting 
classes of collections of cells are the so-called polyominoes that are well studied in 
various combinatorial contexts. A collection of cells V is called a polyomino if it is 
a connected collection of cells which means that for any two cells A,B £ V there 
exists a sequence of cells C\, . . . , C m with C\ = A, C m = B, and for all i, the cells 
Ci and Ci+i have an edge in common. 

In Section [T] of this paper we introduce some basic concepts related to collection 
of cells. In particular we introduce column convex, row convex and convex collection 
of cells. The first main result of this paper is stated in Section [2] where it is shown 
that K[P] is a normal Cohen-Macaulay domain of dimension |^(P)| — \V\, if V is 
convex. 

In Section EJ we define for any collection of cells V a natural toric ring T-p and 
a natural i^-algebra homomorphism K[V] — > T-p. We denote by € the class of 
collection of cells for which this i^-algebra homomorphism is an isomorphism. It is 
shown in Corollary 13.61 that K[V] is domain if and only if V £ (£. We conjecture 
that V £ £, if V is a simple collection of cells. Roughly speaking V is simple if it 
is connected and has no holes, see Section [T] for the precise definition. As a partial 
result we obtain in Theorem 13.101 that a simple collection of cells V belongs to € if 
each connected component is row or column convex. 

As shown in Section [2], K[V] is a normal domain if V is convex, and hence it is of 
interest to compute the class group of K[V] in this case. In Section HI this is done 
for a special class of convex collection of cells, namely for stack polyominoes. In a 
first step we show in Corollary 14.3} that Ip has a quadratic Grobner basis if V is a 
stack polyomino. Then in Corollary 14. 101 it is shown that C1(.K'['P]) is free. Its rank 
is determined by the inner corners of V. Finally in Theorem 14. 11[ we determine the 
canonical class of K[V}. As a consequence, all Gorenstein stack polyominoes are 
classified. 



1. Collections of cells 

In this section we consider collections of cells and polyominoes to which in the 
following sections binomial ideals will attached. For this purpose and for later 
applications we have to introduce some concepts and notation. 

We consider on N 2 the natural partial order defined as follows: (i, j) < (k, I) if and 
only if i < k and j < I. The set N 2 together with this partial order is a distributive 
lattice. Let a, b £ N 2 with a < b, then the set [a, b] = {c £ N 2 | a < b < c} is an 
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interval of N 2 . If a = (i,j) and b = (k,l), then the interval [a, b] is called a proper 
interval if % < k and j < I, and the elements a, b together with the elements c = (k, j) 
and d = (i,l) are called the corners of the proper interval [a, b]. The elements a, b 
are the diagonal corners and the elements c, d the anti-diagonal corners of [a, b]. We 
say that a and b are in horizontal (vertical) position, if j = / (i = k). 

The interval C = [a, 6] with b = a + (1, 1) is called a ce/Z of N 2 (with lower left 
corner a). It may be viewed as a unit square of IR 2 whose corners are positive integer 
vectors. The elements (corners) of [a, b] are called the vertices of C. We denote the 
set of vertices of C by V(C). Let c, d be the anti-diagonal corners of C, then the 
edges of C are the sets {a, c}, {a, d}, {b, c} and {6, d}. We denote the set of edges 
of C by E{C). 

Let [a, 6] be a proper interval in N 2 with a = (i,j) and b = (k, I). We say a cell C 
with lower left corner (r, s) belongs to [a, 6] if 



i < r < k — 1 and j ; < s < I — 1. 



The cell C is called a border cell of [a, 6] if one of the inequalities in ([T]) is an equality. 
Let A and 5 be two cells of N 2 with lower left corners (i,j) and (k, I). Then the 
cell interval, denoted by [A, B], is the set 



[A, B] = {E: £eN 2 with lower left corner (r, s), for i < r < k, j < s < 1} 

If (i,j) and (k, I) are in horizontal position, then the cell interval [A, B] is called a 
horizontal cell interval. Similarly one defines a vertical cell interval. 

Let V be a finite collection of cells of N 2 . We set V{V) = UceP V'(C') and call it 
the vertex set of V , and we set E(V) = Ucev -^(C) an d call it the edge set of P. In 
this paper, we consider only finite collection of cells of N 2 . 

A vertex a G V(V) is called an interior vertex of V if a is a vertex of four distinct 
cells of V, otherwise it is called boundary vertex of V . The interior of P , denoted 
by int('P), is the set of all interior vertices of V. The set dV = V(V) \ int('P) is 
called the boundary of V. In Figure [TJthe fat dots mark the interior vertices of V, 
the other vertices are the boundary vertices of V. 



Figure 1 . Interior and boundary of V 



We call V row convex, if the horizontal cell interval [A, B] is contained in V for any 
two cells A and BofV whose lower left corners are in horizontal position. Similarly 
one defines column convex. A collection of cells V is called convex if it is row and 
column convex. 
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Let C and D be two cells of V . Then C and D are connected, if there is a 
sequence of cells of V given by C — Ci, . . . , C m = D such that Cj fl C i+1 is an edge 
for i = 1, . . . , m — 1. If in addition, Ci ^ Cj for all i ^ j, then C is called a pai/i 
(connecting C and -D). The collection of cells V is called a polyomino if any two 
cells of "P are connected, see Figure [2J We notice that each connected component of 
a finite collection of cells V is a polyomino. 



Figure 2. A polyomino 

Since P consists of finitely many cells, there exists a proper interval [a, b] C N 2 
such that V(V) C int([a, 6]). The collection of cells V is called simple if any cell C 
of [a, 6] which does not belong to V is connected to a border cell D of [a, b] by a 
path C = C\, . . . , C m = -D such that Ci ^ V for alii = 1, . . . , m. Intuitively this 
means that a simple collection of cells has no holes, see Figure El 



Not simple 



Simple 



Figure 3. 

We call V weakly connected if for any two cells C and D of V, there exists a 
sequence of cells of V given by C — C\, . . . , C m = D such that Ci fl C i+ i ^ 0, for 
i = 1, . . . ,m — 1. Figure H] displays a weakly connected collection of cells with two 
connected components. 



c 














D 



















Figure 4. A weakly connected collection of cells 
The following lemmata on collections of cells will be needed in the later sections. 
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Lemma 1.1. Let V be a weakly connected and convex collection of cells, and let 
a,b G V(V) be two vertices which are in horizontal or vertical position. Then [a, b] C 
V(V). 

Proof. Let a,b G V(V) in horizontal position. We may assume that |[o, 6]| > 2, 
otherwise there is nothing to show. There exist two cells C and D in V such that 
a is a vertex of C and b is a vertex of D. The horizontal line L which contains the 
interval [a, b] divides V in a lower and upper part. If the cells C and D both belong 
to the upper or to the lower part, then convexity of V gives [C, D] C V. It shows 
[a,b]cV(V). 

Otherwise we may assume that C belongs to the lower part and D belongs to 
the upper part of V. We then use the fact that there exists a sequence of cells 
C = d, C 2 . . . , C r = D such that V{C % ) n V(C i+1 ) ^ for i = 1, . . . , r - 1. This 
sequence has to cross the line L, that is, there exists an index i such that C, belongs 
to the lower part of V and Cj+i belongs to the upper part of "P. In particular, 
both Ci and Cj+i have an edge whose vertices belong to L. If V{Ci) fl [a, 5] 7^ or 
V(Cj + i) fl [a, 6] 7^ 0, then there exists c G [a, 6] with c ^ a,b which belongs to V(V). 
Induction on the length of the interval, concludes the proof in this case. Otherwise, 
by using convexity of V we see that [Ci, C] and [D, Cj + i] are horizontal cell intervals 
of V such that either [a, b] C V([Cj,C]) or [a, b] C V{[D,C i+ i\). This completes the 
proof. 

The arguments are similar for the case when a and b are in vertical position. □ 

Lemma 1.2. Let V be a weakly connected and convex, and [g, h] be a proper interval 
in N 2 . If the corners of [g, h] belong to V(V), then the cells of [g, h] belong to V ■ 

Proof. It is clear by Lemma ll.ll that if the corners of [g,h] belong to V(V), then 
[g, h] C V(V). Suppose that there exists a cell E of [g, h] which does not belong to 
V . Let a = (i,j), b — (i+ 1, j), c = (i + 1, j + 1), d = (i,j + 1) be the vertices of E. 
Since these vertices belong to V{V), there exist cells A, B, C, D in V such that a G A, 
b G B, c G C and d G D. If two of these cells are in horizontal or vertical positions 
then from the fact that V is convex one easily deduces that E G V. Otherwise, 
up to rotation, the only possible configuration of the cells A, B, C, D is shown in 
Figure [3 



D=C 



A 



B 



Figure 5. 

By using the assumption that V is weakly connected there exists a sequence of 
cells A = F 1 ,F 2 ...,F m = C such that V(Fi) n V(F i+l ) ^ for i = 1, . . . , m - 1. 
It implies that there exists at least one F t such that [Fi, C] is a vertical cell interval 
of V or [Fi, B] is a horizontal cell interval of V. Again, by using the fact that V is 
convex, we have E G P, a contradiction. □ 
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Lemma 1.3. Let V be a simple collection of cells and V\ and V2 be two connected 
components ofV. Then \V\ fl V%\ < 1- 

Proof. Let [a, 6] C N 2 such that V(P) C [a, 6]. We may assume that V\ and V2 
meet at least at one point, say p. Then there exist C G?i and D £ V2 such that 
CflD = {p}, and two distinct uniquely determined cells E and F in [a, b] not 
belonging to P such that p is a vertex of E and P. Since P is simple, each of the 
cells E and F are connected to a border cell of [a, 6] by the paths £ : Ei, . . . ,E r and 
J- ': Fi, . . . , F s , respectively, where each Ei and Fj do not belong to P. 

Let P be the collection of cells of [a, b] and Q = P \ £ U P. If £ fl J 7 = 0, then 
<2 consists of two connected components Q\ and Q2 such that V(Qi) fl VXQ2) = P- 
Let C e Qi and .D G Q 2 - Then V\ C Qi and P2 C Q2, because V\ and V2 are 
connected components of P. Hence \P\ fl P2I = 1 

If £ fl J 7 7^ 0, then let % and j be the smallest integer such that Ei = Fj. We 
can replace by £ by the path £' = E\, . . . , E i: Fj +1 , . . . , F s that connects E to a 
border cell of [a, b]. Then again, by letting Q = TZ \ £ U J 7 , we obtain the desired 
conclusion. □ 

Let P be a weakly connected collection of cells with connected components Vi, ■ ■ ■ , V r . 
We assign to?a graph G with vertex set V(G) = [r] and edge set E{G) as follows: 
{i,j} G E(G) is and only if Vi n V 3 + 0. 

Lemma 1.4. Let V be a weakly connected, simple collection of cells. Then the graph 
G attached to V is a tree. 

Proof. Let Pi, ... , V m be the connected components of V . Suppose that the graph 
G attached to V is not a tree. Then G contains a cycle W with no chords. We may 
assume that E(W) = {r, 1} U {{i, i + 1} : i = 1, . . . , r - 1}. Let V = Pi U . . . U V r , 
and [a, b] C N 2 be an interval containing V(V). First we show that V is also simple. 
Let C & 1Z\ V . If C ^ V then C can be connected to a border cell of [a, b] by a 
path of cells outside V which are also outside V . Now suppose that C G V. Then 
C G Pj for some j G" {1, . . . , r}. Let D £ TZ\V such that .D has a common edge 
with a cell, say A, of Pj. Since Vj is connected, C can be connected to A by a path 
£ of cells in Vj. Let J 7 be a path of cells outside P which connects D to a border 
cell of [a, 6]. Such a path exists because P is simple. By adjoining £ , D and J 7 , we 
obtain a path of cells outside V that connects C to a border cell of [a, 6]. Thus any 
cell in [a, 6] which does not belong to V' can be connected to a border cell of [a, 6]. 
This shows that V is simple. 

Let 1Z be the collection of cells of [a, 6]. Then P \ P' = Qi U <2 2 such that <2i 
and Q2 are not connected. Choosing [a, b] large enough we have that Qi and Q2 
are non-empty. Let A G Qi and -B G Q2- Since P' is simple, the cells A and B 
are connected to border cells of [a, b] by paths whose cells do not belong to V . 
Choosing [a, b] even bigger if needed, these two border cells can be connected by a 
path whose cells also do not belong to V. It follows that Q\ and Q2 are connected, 
a contradiction. □ 
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2. Convex collections of cells and inner minors 

Let V C N 2 be a collection of cells. We attach to V an ideal Ip as follows. Let K 
be a field and S the polynomial ring over K in the variables x a with a G V(V). To 
each proper interval [a, b] of N 2 , we assign the binomial f a ,b = XbX a — x c Xd, where 
c and d are the anti-diagonals corners of [a, b]. A proper interval [a,b] is called an 
inner interval of P if all cells of [a, b] belong to V. The binomial f a j> is called an 
inner 2-minor of P, if [a, b] is an inner interval of V. Then Jp C S be the ideal 
generated by inner 2-minors of V. We denote by K[P] the quotient ring S/ Ip. 

We will compare Ip with a toric ideal which is naturally given by V. Let [a, b] C N 2 
be the smallest interval which contains V(V). After a shift of coordinates, we 
may assume that a = (1, 1) and b = (m,n). To V we attach the toric ring R = 
K[s{tj\ (i,j) G V(V)} C K[si, . . . , s m , ti, . . . , t n ]. We associate a bipartite graph G 
with vertex set {s\, . . . , s m } U {ti, . . . , t n } to P such that each vertex (i,j) G V^P) 
determines the edge {sj,tj} in G. The toric ring R can then be viewed as the edge 
ring of G. For the sake of convenience, in this section we denote for a = (i, j) G V(V) 
the variable x a in S by Xij. 

A cycle w of G7 is a subset {s^,^, Si 2 ,tj 2 , . . . , s ir ._ 1 ,t Jr _ 1 , s^t^} of the vertex 
set of G such that for A; = l,...,r, each {sj fe ,tj fe } and {tj k ,Sj k+1 } is an edge 
of G, where i r+ i — i\. To each such cycle w we associate the binomial /„, = 

iljl 12J2 ' ' ' ir—ljr — 1 irjr ?2?1 *3J2 ' ' ' irjr—liljr' USei Ve TjIiaTj a DlllOIIliai J IS aij - 

tached to a cycle of length 4 if and only if / = / a) f, where [a, b] is a proper interval 
oiV(V). 

Let y> : S* — > R be the i^-algebra homomorphism defined by <p{xij) = srfj, for 
all (i,j) G V(V) and set Jp = Kenp. It is known, see [HI Lemma 1.1] and [TJH 
Proposition 8.1.2], that the kernel J-p of y? is generated by the binomial /„,, where w 
is an (even) cycle of G. Since each generator of I-p corresponds to a cycle of length 
4, we have Ip C Jp. 

Theorem 2.1. Let V be a collection of cells. Then the following holds: 

(a) If Ip = Jp, then V is convex. 

(b) IfV is convex and weakly connected, then Ip = Jp. 

Proof, (a) Suppose that we have the equality Ip = Jp. Let C and D be two cells 
of V with lower left corner a = (i,j) and b = (k,j) with i < k. Then the corners of 
the interval [a, e] belong to V(V), where e = (k + 1, j + 1). Therefore, the binomial 
f a<e belongs to Jp, and hence / 0>e G /-p. It shows that f a<e is a linear combination 
of inner 2-minors of V. Thus there is an inner 2-minor f g ^ of V which contains the 
term x^Xk+ij+i- This is possible if and only if g = a and h = e. This implies that 
[a, e] is an inner interval of V. Hence V is row convex. Similarly one shows that V 
is column convex and hence V is convex. 

(b) Suppose that V is convex and weakly connected. First observe that each 
cycle v = {si,tj, Sk,ti} with i < k and j < I of length 4 in G determines the four 
vertices (i,j), (k,l), (k,j), (i,l) of V(V). It follows by Lemma \T72\ that the cells of 
[(i,j),(k, I)] belong to V. In other words, any binomial f a j, with [a, b] C V(V) is 
an inner 2-minor of V. With this observation it suffices to show that for a cycle w 
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of length 2r with r > 2 of G, the associated binomial /„, can be written as a linear 
combination of binomials f p and f q , where q and p are cycles of G of length 4 and 
2(r — 1) respectively. 

Let w be a cycle of G of length 2r with r > 3 given by 

l^tl > "Ji J ^12 > "J2 ) • • " ^i r — 1 ' jr-1 ' ^ir > "jr I 

anQ let J w X{ 1 j 1 Xi 2 j 2 ' ' ' ir — ljr — lirjr ^2,71 ^332 ' ' ' VJr — 1 HJr ^^ ^ aSSOCiatCO 

binomial in Jp. Moreover, we may assume that z'i < i& for all fc. 

Assume i 2 > i r . Then Lemma [TTT1 implies that x^^ G V'('P), because x^ and 
Xi 2 j 1 belong to V(V) (horizontal position). Take 

Q i^il 1 "jxt &i r i vjr) 

and 

P — \ S i r 1 *Jl) S «2) ^J21 • • • 1 S V-1) ^r-l J 

witn associated binomials /^ = Xi 1 j 1 Xi r j r Xi r j 1 Xi 1 j r and j p = Xi r j t Xi 2 j 2 . . . Xi r _ 1 j r _ 1 
Xi 2 j 1 Xi s j 2 . . . Xi r j r _ 1 , respectively inen j w Xi 2 j 2 . . . Xi r _ 1 j r _ 1 jq -\- Xi 1 j r jp, as recjuireo. 
Now assume i r > i 2 . Applying again Lemma ITTTI we see that Xi 2 j r G V(V), because 
Xi x j r and Xi r j r belong to V(V) (horizontal position). Take 

Q X^ix i "ji i ^«2 ' "j r J 

and 

P 1^42' ^321 ^i3J 331 ■ ■ ■ 1 Sir! tjrf 

witn associated Dmomiais jq == Xi-,j-,Xi 2 j r ^iojx^ixir Q'tid jp == Xi 2 j 2 X{^j^ . . . Xi r j r ~ 
Xi 3 j 2 Xi 4 j s ■ ■ ■ Xi r j r _ 1 Xi 2 j r inen j w -^iijilp < ■^i3J2^HJ3 ■ ■ ■ ^irjr—iJQi ^ required.. I — I 

In order to formulate the main result of this section we introduce the following 
definition. Let [a, b] be an interval in N 2 with a = (i,j) and b = (k,l). Then the 
size of [a, b] is defined to be the number k + I — (i + j) and denoted by size ([a, b}). 

Theorem 2.2. LetV be a convex collection of cells. Then K[V] is a normal Cohen- 
Macaulay domain of dimension \V(V)\ — \V\. In particular, ifV is weakly connected 
and [a,b] C N 2 is the smallest interval with the property that V(V) C [a, b]. Then 
K[P] is a Cohen-Macaulay domain with dim K[P] = size([a, b]) + 1. 

Proof. Let V\, . . . , V r be the weakly connected component of V . Then V(V) is the 
disjoint union of the V(Vj), j — i, . . . , r, and Ip = X^=i Ip r It follows that K[P] 
is a normal Cohen-Macaulay domain if and only if each K[Vj] is a normal Cohen- 
Macaulay domain. Hence we may assume that the V is weakly connected. It follows 
from Theorem 12. II that I-p = J-p. This implies that K[V] is a domain. We know from 
[5J Lemma 1.1] and [T4"l Proposition 8.1.2] that binomials corresponding to the even 
cycles of the graph G attached to V form the universal Grobner basis of Jp. This 
implies that the initial ideal of I-p with respect to any monomial order is squarefree. 
By theorem of Sturmfels [UJ, one obtains that K[V] is normal and by a theorem of 
Hochster [TJ Theorem 6.3.5] (see also [I]), we obtain that K[P] is Cohen-Macaulay. 
For the computation of the dimension of K[V], we may again assume that V 
is weakly connected because \V(V)\ - \P\ = T, r j=1 (\V(Vj)\ - \Pj\). Since K[V] is 
isomorphic to i^[G], the edge ring of the bipartite graph G, we may apply the [IH 



Corollary 8.2.13] of Villarreal, which says that if G is a connected bipartite graph 
then dimi^G] = |V(G)| — 1. For simplicity we may assume that the smallest 
interval with the property that V(V) C [a, b] is given by a = (1, 1) and b = (m,n). 
Then [a, b] = [m] x [n\. It follows from the identification of K[G] with K[P] that 
V(G) = {si,...,s m }U{ti,...,t n }. Therefore, dim K[P] = size([o, b]) + 1. 

It remains to show that |V"CP)| — \P\ = size ([a, b}) + 1. We prove this by induction 
on the number of columns of V. If V consists of only one column then the assertion 
is trivial. Now assume that number of columns of V is bigger than one, and let Q be 
the collection of cells which is obtained from V by removing the right most column 
S of V. Let [a', b'] be the smallest interval containing V(Q), and t be the number 
of cells in S which have a common edge with a cell in Q and let r be the number of 
the remaining cells in S. Then \V(V)\ = \V(Q)\ + 2r + t + 1 and \V\ = \Q\ + r + t, 
and size ([a, b}) = size ([a', b'}) + r + 1. Hence we obtain the desired formula. □ 

As an immediate consequence of Theorem 12.21 we get 

Corollary 2.3. Let V be a convex collection of cells. Then height J-p = \V\. 

3. A NATURAL TORIC RING ASSOCIATED WITH A COLLECTION OF CELLS 

Let V be a collection of cells. An element of V(V) is called a free vertex if it is 
not a lower left corner of any cell of V and we denote the set of free vertices of V 
by F(V). 

Let K be a field and as before S = K[x a : a G V(V)}. Consider the Laurent 
polynomial ring T = K[yf l : c G F(V)]. We define a i^-algebra homomorphism 
ip : S — > T by x a \- > u a , where u a is a monomial in T. The monomials u a are 
recursively defined as follows: For each free vertex a G F(V), we set u a = y a . Let 
k = max{|a| : a = (i,j) G V(V)} where \a\ —i + j for a = (i,j). If \a\ = k, then a 
is a free vertex in V and u a is already defined. Suppose now that \a\ < k and a is 
not a free vertex. Then a = (i,j) is the lower left corner of the (unique) cell whose 
other vertices are b = (i + 1, j), c = (i,j + 1) and d — (i + l,j + 1). In this case 
we set u a = UbUcU^ 1 . Observe that for any a G V(V) and y^ 1 G supp(w a ), we have 
a < b. 

The image of ip is a toric ring and we set L-p = Kerip. We denote by € the class 
of collection of cells for which ip is an isomorphism. 

Lemma 3.1. Let [a,b] be an inner interval ofV. Then u a = u c UdU^ 1 , where c and 
d are the anti- diagonals of [a, b] . 

Proof. We apply induction on the size of the inner interval [a, b] of V(V). The 
smallest possible size of an inner interval is 2, in which case [a, b] is a cell. Then the 
assertion follows from the definition of the monomials u a . Let size([o, b]) > 2, and 
a = (i,j) and b = (k,l). Then we may assume that k > i + 1. Let e = (k — l,j) 
and / = (k — l,l), then [a, /] and [e, b] are two inner interval of V(V) of smaller size 
than the interval [a, b]. Therefore by induction hypothesis we have u a = u c u e u~j l 
and u e = UdUfU^ 1 . Substituting the second formula into the first one we get desired 
result. □ 



Theorem 3.2. With the notation introduced we have, I-p C Lp C Jp. Moreover, 
the following cases are possible. 

(1) I r = L v C J v 

(2) I ? CI P C J v 

(3) L v = J v . 

If Lp = Jp, then V is convex. In addition, ifV is weakly connected then Ip = Jp. 

Proof. Let [a, b] be an inner interval of V with anti-diagonal corners c and d, and 
fa,b — XbX a — x c Xd be the corresponding generator in Ip. By Lemma [3. 11 we have 
u a Ub = u c Ud- From this it follows that f a ^ G Lp. Hence Ip C Lp. 

In order to show that L v C J v , we let W = K[{sf x , tf} : (i,j) G V(V)] and de- 
fine the .ff-algebra homomorphism a : T — > W by ad/f 1 ) = (sitj)^ 1 where c = (i,j). 
Let tp : S — > R be the i^-algebra homomorphism as defined in before Theorem 12. 1[ 
For simplicity we again denote by ip the composition of ip with the natural inclusion 
of R into W. We claim that tp — a o ip. This claim will imply that Lp C Jp. 

In order to prove the claim, let a = (i,j) G ^(T- 7 ). If a is a free vertex of V(V), 
then 

a o -0(x a ) = a(y a ) = sitj = ip(x a ). 

Let k = max{|a| : a = (i,j) G V"(7 ? )}. If \a\ = k, then a is a free vertex, and the 
assertion is true as we have just seen. Suppose now that \a\ < k and a is not a free 
vertex. Then a is the lower left corner of the (unique) cell with vertices b = (i + 1, f 
c = (i,j + 1) and d - 
e = (p, q) with |e| > 



(i + 1, j + 1), and u a = u\,u c u d . We may assume that for any 
a\ we have a(u e ) = a o ip(x e ) = <p(x e 



Spt q . Then 



ocoip{x a ) 



a\u n 



-i- 



a{U},u c u d ) = a{Ub)a{u c )a{u d 

Si+ltjSitj+iSi_l_ltj_i_i = Sitj = <p[X a ). 



1- 



Case (1) happens for example when we let V be the collection of cells given in 
Figure El 

d 



Figure 6. Ip = Lp c J v 



The binomial f a ,b belongs to Jp but not to Lp. Also Ip = Lp because of Corol- 
lary [3J3 and Theorem 13.101 

Case(2) happens for example when we let V be the collection of cells given in 
Figure [3 

The binomial x a XfX g xi — XbX c XjXk belongs to Lp but not to Ip, and the binomial 
x e Xh — XdXi belongs to Jp but not to Lp. 

Case (3) happens for example when we let V be the collection of cells given in 
Figure B 
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i 3 



k I 
Figure 7. I v c L-p C J v 



Figure 8. L v = J v 



Now suppose that Lp = Jp. First observe that by Theorem 13.4^ the second 
degree component of I-p and Lp are equal. Therefore, our assumption implies that 
second degree component of I-p and Jp are equal as well. Hence as in the proof of 
Theorem 12.11 (a) we conclude V is convex. Let V\, . . . ,V r be the weakly connected 
components of V 

If in addition V is weakly connected 
equality Ip = Lp = Jp. 



Then it follows from the definition of Lp that Lp = YJi=\L-p v 
we apply Theorem 12.11 (b) and obtain the 

□ 



We do not know of any example for which lp C Lp = Jp. 

For the proof of the next theorem we need the following lemma. 

Lemma 3.3. Let V be a collection of cells. If f a ,b *= Lp, then [a,b] is an inner 
interval ofV. 

Proof. Let f a ,b = XbX a — x c Xd where c and d are the anti-diagonal corners of [a, b}. 
The vertex a G V(V) is not a free vertex, otherwise u a = y a and y^ 1 ^ supp(u c Ud) 
and y~ x £ supp(-Uh). This implies that f a ^ ^ Lp, a contradiction. 

Assume that [a, b] is not an inner interval. Then there exists an inner interval 
[a, e] of V(V) with e < b such that e is a free vertex in V and yf 1 ^ supp(-Ufo). By 

On the other hand, since c ^ e, d ^ e, it 



Lemma 13. 1\ we have y^ L G supp(w a; 



,±i 



follows that yf £ supp(u c Ud), contradicting the fact that u a Ub = u c u d . 



□ 



Let /be a graded ideal. The k graded component of / will be denoted by J^.. 
Theorem 3.4. Let V be a collection of cells. Then (I-p) 2 = {Lv)i- 



Proof. Let / G (L-p) 2. By Theorem 13.2} we have f £ Jp. It shows that / is a 
binomial associated to a cycle of length 4 in the bipartite graph G attached to V, 
or equivalently, / = f a ,b, where [a, b] is a proper interval of V(V). By Lemma I3~3"l 
we obtain that [a, b] is an inner interval of V. Therefore, / G (I-p) 2- Hence (L-p) 2 C 
(I-p) 2- The other inclusion follows from Theorem 13.21 □ 
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We shall need some concepts related to lattice ideals. Let A C Z n be a lattice. Let 
K be a field. The lattice ideal attached to A is the binomial ideal I\ C K[xi, . . . , x n ] 
generated by all binomials 

x a - x b with a - b G A and a, b G N n . 

A is called saturated if for all a G Z n and c eZ such that ca 6 A it follows that 
a G A. The lattice ideal /a is a prime ideal if and only if A is saturated. Let 
Vi,...,v m be a basis of A. Hosten and Shapiro [TU] call the ideal generated by 
the binomials x v * — x v * , % — 1, . . . ,m, a lattice basis ideal of A. Here v + denotes 
the vector obtained from v by replacing all negative components of v by zero, and 
v~ = — (v — v + ). It is known from [TJ] that the ideal generated by all adjacent 
2-minors of an m x n matrix X of indeterminates is a lattice basis ideal, and that 
the corresponding lattice ideal is just the ideal of all 2-minors of X. It follows that 
an ideal which is generated by any set of adjacent 2-minors of X is again a lattice 
basis ideal and that its corresponding lattice A is saturated. Therefore its lattice 
ideal I a is a prime ideal. 

Theorem 3.5. Let V be a collection of cells. Then there exists a saturated lattice 
A such that Lp = I\. 

Proof. Let [a, b] be the smallest proper interval of N 2 which contains V(V). After a 
shift of coordinates, we may assume that a = (1, 1) and b = (m, n). Let C\, . . . , C r 
be the cells of V. To each cell Ck with lower left corner (i,j), we assign a vector 
bk = £ij + e i+1 j + i - e i+1J - e itj+ i G Z mxn , where e^, i = 1, . . . ,m, j = 1, . . . ,n 
is the canonical basis of Z mxn . Let W be the sublattice of Z mxn spanned by the 
basis vector e^ with (i,j) G V(V), then W = V where s = \V(V)\. As explained 
before, the vectors b\, . . . , b r form a basis of a saturated lattice A in Z mxn . Since all 
bi belong to W, it follows that A C W. Therefore, we can complete b±, . . . , b r to a 
basis &i,..., b r , fo r +i, • • • , b s of VF. Let V be a sublattice of W spanned by b r+ i, . . . ,b s , 
and let it : W — > V be the projection map which assigns to v — Yli=i v &i t ne vector 
J2i= r +i v ibi- Then A = Ker ir. Hence x a — x b G /a if and only if it (a) = 7r(6). 

Let ip' : S —^ K[{yk : fc = r + 1, . . . , s}} be i^-algebra homomorphism with 
ip'{xij) = rife=r+i Vk 3 ^ where the exponents Vij^ are determined by the equation 
tij = J2k=i v ij,kbk- It follows from the above discussion that Kerf// = I\. Let 
a i — (ii,ji), . • • , Ot = {it, jt) be the free vertices of P. It is clear that t = s — r. We 
claim that the set B = {&i, . . . , b r , e il j l , . . . , e iu j t } is linearly independent and hence 
forms a basis of W. We order the basis elements e^- lexicographically. Then we 
see that the leading term of the bk is e^, where (i, j) is the lower left corner of Ck- 
Thus we see that all leading terms of the elements of B are linearly independent, 
which implies that elements of B are linearly independent. Let b r+ k = &% k ,j k - Then 
the map ip' coincides with i^-algebra homomorphism ip defined in beginning of 
Section 3. Therefore, I\ = Ker?/;' = Ker^ = L-p. □ 

Corollary 3.6. Let V be a collection of cells. Then l-p is a prime ideal if and only 
if I v = Lp. 
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Proof. By Theorem 13.21 we have Ip C Lp, and by Theorem 13.51 we have I a = Lp 
where A is the lattice with basis B = b\, . . . , b r corresponding to the cells C\, . . . , C r 
as described in the previous theorem. Hence l-p C I a. Let J be the lattice basis 
ideal corresponding to B. Then the generators of J are precisely the 2- adjacent 
minors in Ip. In particular, it follows that J C l-p C I\. It is known from [TUl 
Proposition 1.1], that I\ = J: x°° where x = Y\ a &v{V) x a- Thus if / G I\, then there 
exists an integer k such that fx k G J C Ip. Assuming that Ip is a prime ideal, it 
follows that f E Ip since x ^l Ip. Hence we see that Ip = Lp, if Ip is a prime ideal. 
On the other hand, it is clear that if Ip = Lp, then Ip is a prime ideal. □ 

In order to describe the binomials in 7a, we introduce some notation. Let V be 
a collection of cells. We define horizontal and vertical intervals attached to V. Let 
a = (i, k) and b = (J, k) with i < j be in horizontal position. Then [a, b] is called a 
horizontal interval of V if {(/, k), (I + 1, k)} G E(V) for Z = i, . . . , j — 1. In addition, 
if {(z — 1, fc), (z, fc)} and {(j, fc), (j + 1, k)} do not belong to E(V), then [a, 6] is called 
maximal horizontal interval of V. Similarly we define the vertical intervals attached 
to V. In the Figure [HI fat dot marks indicate a maximal horizontal interval [a, b] of 

V. 

a b 



Figure 9. A maximal horizontal interval 



A labeling of V is a function a : V(V) — > Z. The function a is called an admissible 
labeling of V if a ([a, b}) := Y^ c &[a,b] a i c ) = 0? f° r a U maximal horizontal and vertical 
intervals attached to V. An example of an admissible labeling of a collection of cells 
is shown in Figure I3~8l 



13.81 














4 
-4 


-2 





-3 


1 














2 
-1 


1 


2 


-'. 







3 








1 


-1 


-2 


2 



-2 



Figure 10. An admissible labeling 



Lemma 3.7. Let X be an m x n integer matrix with the property that all its column 
sums are zero. Let i be an integer with 1 < i < m, and suppose that for all j ^ i 
the row sum for the j-th row is zero. Then the row sum of the i-th row is also zero. 
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Proof. Adding all the rows vectors we obtain a vector v whose components are zero, 
except possibly at the i-th component. Now, because all column sums of X are zero, 
it follows that sum of the component of v is zero. Hence, the i-th component of v 
must be zero. □ 

Theorem 3.8. Let V be a collection of cells and A be the lattice attached to V. 

(a) If an irreducible binomial belongs to I\, then it is of the form 

/«= n < {a) - n < {a) > 

a£V(V) a£V(V) 

where a is an admissible labeling ofV. 

(b) If V is a simple collection of cells and a is an admissible labeling, then 
f a e I A - 

Proof. The lattice A C 17^ attached to V consists of all integer vectors v G Z v ^ 
which are linear combination of the basis vectors b\,...,b r corresponding to the 
cells of V, see the proof of Theorem 13.51 We claim that if v — (v a ) ae v{T) £ A, then 
a : V(V) — > Z, a \- > v a , is an admissible labeling, and the converse holds if V is 
simple. 

Let bi = {b ia ) a (zv(v)- Then a, : V(V) —y Z defined by a i— > b i>a is an admissible 
labeling. Now let v = Y%=i ^Aj \ £ Z. If we let a : V(V) — > Z be the map a \-y v a , 
then it follows that a = J2l=i K°£i- Consequently, a is admissible. 

Now suppose that V is simple. Let a : V(V) — > Z be an admissible labeling, and 
let v = {v a )a<=y{v), where v a = a (a). We want to show that v E A. We may assume 
that V is weakly connected. Let a = (i,j) € V(V) such that \a\ = i + j is minimal. 
Then a is a lower left corner of a cell C. Let A = a(a). Then the admissible labeling 
a' = a — Actij has the property that a' (a) = 0. We claim that a' is an admissible 
labeling for V = V/{C}. Assuming this, by induction on the number of cells we 
obtain the desired conclusion, since V is again simple. 

In order to prove the claim, we first observe the any maximal horizontal or vertical 
interval of V which has no common vertex with C is also a maximal interval of V, 
and a' ([a, b}) = for any such interval. An interval [a, b] of V is no longer an interval 
of V' in the cases indicated in the Figure [TTJ The cells marked as dark region, for 
example C and E, represent cells of V. 

We discuss only the first case when [a, b] is the horizontal interval. The argument 
for the case when [a, b] is the vertical interval is similar. As indicated in Figure [TT], 
the interval [a, b] splits into two intervals, namely [a,c] and [d,b]. We need to show 
that a' ([a, c]) = and a'([d, b]) = 0. Since a' is an admissible labeling of V, we have 
that a'([a, b}) = 0. Hence, at'([d, b}) = if and only if a'([a, c\) = 0. This is the case 
if and only if a' (a) = —a'(c). Since D ^ V, and V is simple, it follows that D is 
connected to a border cell of a proper interval in N 2 whose interior contains V(V). 
It follows that V consists of two weakly connected components. We denote by Q 
the weakly connected component of V which contains E. Any horizontal or vertical 
interval [e, /] of Q different from [a,c] has the property that a'([e, /]) = 0. Let / 
be the smallest interval of N 2 containing Q. We extend a' to a : / — y Z by setting 
&(g) = 0, if g ^ Q. Then, we obtain an integer matrix whose entries are indexed by 
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Figure 11. 

vertices of / with the property that all column sums and row sums are zero, except 
the bottom row. By Lemma 13.71 h follows that the row sum of the bottom row of 
this matrix is zero. This implies that a' (a) = —a'(c). 



Finally, if / is an irreducible binomial in I\, then / 



x 



v + — 



x l 



where v e A. 



Therefore, the assertion of the theorem follows from the above discussion. 



□ 



Let a : V(V) — > Z be an admissible labeling of V and [a, b] be an inner interval of 
V with corners a, b, c and d. Suppose a(a)a(b) > 0. Now, we define two admissible 
labelings of V as follows 

if e = a or e = b, 
if e = c or e = d, 
elsewhere. 



1. 



/3(e) 



0. 



and 



a 



) a — (3, if a (a) > 0, 
[ a + (3, if a(a) < 0. 

We say that a' is obtained from a by a single move. Similarly, one can define a 
single move if a(c)a(d) > by replacing a, b by c, d in the definition of /3 and a'. 
We say an admissible labeling a of V reduces to if there exists a sequence 

a = oto, «!, . . . , afc = 

where each a* is an admissible labeling of V, and aj+i is obtained from a* by a 
single move for i 



0. 



k-1. 



Corollary 3.9. Let V be a simple collection of cells. Then I-p is a prime ideal if 
and only if each admissible labeling on V reduces to by a finite number of moves. 

Proof. By Corollary 13.61 we know that I-p is a prime ideal if and only if I-p = Lp and 
by Theorem 13.41 this is the case if and only if Lp is generated in degree 2. Since the 
generators of degree 2 of Lp correspond to simple moves, the assertion follows from 
Theorem 13.81 □ 

Theorem 3.10. Let V be a simple collection of cells such that each connected com- 
ponent of V is row or column convex. Then lp is a prime ideal. 
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Proof. Let a be an admissible labeling of V, then by Corollary 13.91 it is enough to 
show that a can be reduced to by a finite number of moves. We may assume that 

V is weakly connected. By Lemma II. 44 we know that the graph G attached to V 
is a tree. Let V r be a connected component of V such that r is a free vertex of G, 
in other words r is a vertex of order 1. Let s be the unique element in V(G) such 
that {r, s} G E(G). Then \V r n V s \ = 1 and V T n Vj = 0, for j ^ r, s. We may 
assume that V r is column convex with columns Ci, . . . ,C n such that Ci fl Cj+i 7^ 0, 
z = 1, . . . ,n — 1. 

We distinguish two cases. In the first case we assume that n — 1. Then P r = 
[A, .B] with the lower left corner a = (i,j) of the cell A and b = (i, k) the lower left 
corner of the cell B. We may assume that V r D V s — {(i, j)}- Let c = (i, k + 1), 
d — (i + 1, k + 1) and e = (i + 1, A;) be the corners of £>. If a(c) = 0, then a(d) = 0, 
because a is an admissible labeling. It follows that a restricted to V/{B} is again an 
admissible labeling. Then by applying induction on the number of cells, we obtain 
the desired conclusion. Now assume that a(c) 7^ 0. Without loss of generality we 
assume that a(c) > 0. Then a(d) = —a(c) < 0. Since [/, d] is a vertical interval of 

V where / = (i+ 1, j), we have a([f, d]) = 0. This shows that there exists g G [/, d], 
g 7^ d with a(g) > 0. Then there exists a single move a\ obtained from a such that 
«i(c) = a(c) — 1 and a\(g) = a(g) — 1. Proceeding in this way, we obtain a finite 
sequence of moves a = «o, «i, . . . , oc r , such that a r (c) = 0. Then we can remove the 
cell B as we discussed before. 

Now we consider the case when n > 2. Then either C\ or C n is disjoint with 
V s - We may assume that C\ fl V s = and that C\ is the left most column of V r . 
Let C\ = [A, B], and let a be the lower left corner of A. We may assume that the 
maximal horizontal interval containing a is contained in V(V r ). Indeed, if this is not 
the case and b is the upper left corner of B, then the maximal horizontal interval 
containing b will be contained in V(V r ), and we may replace a by b in the following 
discussions. 

Suppose that a(a) = 0. Then by similar arguments as in the case when n — 1, 
it follows that a restricted to V \ {A} is again an admissible labeling. Applying 
induction on the number of cells, we obtain the desired conclusion. Now we may 
assume that a (a) > 0. Let [a, /] and [a, e] be the maximal horizontal and vertical 
intervals of V containing a. Since a ([a, e]) = and a([a, /]) = 0, there exist b G [a, e] 
and c G [a, /] such that a(b),a(c) < 0. Let [b, g] be the maximal horizontal interval 
of V which contains b. Then there exists a vertex h G [b,g] such that a(h) > 0. If 
size ([b, g}) < size ([a, /]), then by using the fact that V r is column convex, we obtain 
that [a, h] is an inner interval of V, for example, see Figure [T2l Hence a(a)a(h) > 0. 

If size([6, g]) > size([a, /]), then by using column convexity of V r , we see that 
b and c are anti-diagonal corners of an inner interval of V r , for example, see the 
Figure [TBI Hence we have a(b)a(c) < 0. 

In both cases we obtain a.\ from a by a single move such that a\(a) = a (a) — 1. 
Then, by repeating the same argument as before we obtain a finite sequence of 
a = cko, ol\i ■ ■ ■ , OLri sucn that a (a) reduces to 0. It shows that the case when a (a) > 
can be reduced to the case when a (a) = 0. Hence we obtain the desired result. □ 
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4. Stack polyominoes 

Let V = \Ji =1 [Ai, Bi] be a convex collection of cells, where each [Ai, Bi\ is a vertical 
cell interval. Let a, be the lower left corner of Ai for % = 1, . . . , r. Then V is called 
stack polyomino if [ai,a r ] is a horizontal interval of V with Oj = Oi + (i — l,j) 
for i = 1, . . . ,r and some j. In other words, a collection of cells P is called stack 
polyomino if it is a row convex bargraph, see Figure O The maximal horizontal 
interval of V containing a± is called bottom interval of V, and denoted by B-p. 



Figure 14. A stack polyomino 

We are going to show that the ideal I-p of a stack polyomino V has a quadratic 
Grobner basis. More generally, let V be an arbitrary collection of cells. We define 
a total order on the variables x a , a e V(V) as follows: x a > Xf, with a = (i,j) and 
b = (k, I) , ii i > k, or i = k and j > /. Let < 1 1 cx be the lexicographical order induced 
by this order of the variables. Similarly, we denote by < 1 2 cx the lexicographical order 
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induced by the total order of the variables defined as follows: x a > %b with a = (i,j) 
and b = (k, I), if i < k, or i = k and j > I. Then we have the following result. 

Theorem 4.1. Let V be a collection of cells. Then the set of inner 2-minors ofV 
form a reduced (quadratic) Grobner basis with respect to < 1 1 cx if and only if for any 
two inner intervals [a, b] and [b, c] of V, either [e, c] or [d, c] is an inner interval of 
V , where d and e are the anti-diagonal corners of [a,b], see Figure UU 
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Figure 15. 



Proof. Let V be a collection of cells and M. be the set of inner 2-minors of Ip. For 
any binomial, we always write the leading term as the first term. The set M. forms 
a reduced Grobner basis of I-p with respect to < 1 1 0x if and only if all S'-polynomials 
of inner 2-minors of I-p reduce to 0. Take f at b, f r , s £ M. given by f a ^ = XbX a — x c Xd 
and f r . yS = x s x r — x p x q , where c, d are anti-diagonal corners of [a, b], and p, q are 
anti-diagonal corners of [r, s] , as shown in Figure [T6l 

P 



q 



Figure 16. 

We consider the non-trivial case when gcd(in < (/ ab ),in < (/ r >s )) ^ 1. We may have 
one of the following possibilities : (i) a = r, (ii) b = s, (iii) a = s ( or b = r). 

Consider the case when a = r. Without loss of generality, we may assume that 
x b > x s . Then / 0)S = x s x a - x p x q and S(f a ,b, f a ,s) = x b x p x q - x s x c x d . Also we may 
assume that p^c and q ^ d, otherwise S(f a ^, f a ,s) reduces to trivially. We have 
two possible situation, as shown in Figure [TT1 

When s < b, we have 



^ \Ja,bi la,. 

When s ^ b, we have 

•J \Ja,bi la,. 



•Eq\%b-Ep •^c-^h) t X c \X}i%q X s X d ) 



- XqyX Xp XqX^j X c yX s Xd XfoXq) 

It shows that in both situations S(f a ,b, f a ,s) reduces to with respect to the inner 
2-minors f p ^ and f qt h (or fd, s ) of V, where h G [b, d] as shown in Figured?! Similarly, 
one shows that S(f a> b, f r ,s) reduces to when b = s. 
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Now we discuss the only critical case when a — s, see Figure [THJ 
Then S(f a> b, f r , a ) — XbX p x q — x c XdX r reduces to if and only if either [q, b] or [p, b] 
is an inner interval of V. This completes the proof. □ 

Remark 4.2. Similarly one can prove the following statement: Let V be a collection 
of cells. Then the set of inner 2-minors of V form a reduced (quadratic) Grobner 
basis with respect to <f ex if and only if for any two inner intervals [b, a] and [d, c] of 
V with anti-diagonal corners e, / and /, g as shown in Figure [TH1 either b, g or e, c 
are anti-diagonal corners of an inner interval of V. 
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Figure 19. 



Corollary 4.3. Let V be a stack polyomino. Then the reduced Grobner basis of Ip 
with respect to both monomial orders < 1 1 cx and <i cx consists of all inner 2-minors of 
V. 

Proof. Let a < b < c in V(V) such that f a ^ and fb jC are inner 2-minors of V. Let d 
and e be the anti-diagonal corners of the interval [a, b], and / and g be anti-diagonal 
corners of the interval [b,c\. We may assume that [d,g] is a horizontal interval and 
[e, /] is a vertical interval. It follows from the definition of the stack polyomino that 
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[e, c] is an inner interval of V . By applying Theorem 14. 11 we obtain that the reduced 
Grobner basis of I-p with respect to < 1 1 cx consists of all inner 2-minors of I-p. Similarly 
one can derive the same conclusion for <j 2 ex by applying Theorem 14.21 □ 

Let ?bea stack polyomino. Now we define a special total order on the variables 
x a , a e V(V). Let [c,d] be a vertical interval of maximal size in V and c = (i,j). 
For any a, b 6 V(V) with a = (k,l), b = (p, q), we let x a > Xb if either (1) I > q , or 
(2) I — q, k > i, and k < p or p < i, or (3) I = q, k < i, and p < k. 

We denote by <'i ex , the lexicographical term order induced by above order of 
variables. 

Example 4.4. Let V be the stack polyomino as shown in Figure I2"U1 
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Figure 20. 

Then for the horizontal interval indicated by fat dot marks, the order of the 
variables is given a,ss>t>u>r>q>p. 

Remark 4.5. Let V be a stack polyomino and [c, d] be a vertical interval of maximal 
size in V with c = (i,j). Take f g ^ = XhX g — x p x q be an inner 2-minor of V and 
g = (r, s). Then we have the following 

(1) in<(/ fl) fc) = x h x g if r < i, see Figure EU 
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Figure 21. 



(2) in<(/ fll fc) = x p Xq if r > i, see Figure 
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Theorem 4.6. LetV be a stack polyomino and [c, d] be a vertical interval of maximal 
size in V , as shown in Figure W?h 

Then the ideal (I-p,x c ) has a squarefree quadratic Grobner basis with respect to 



< 



lex 



introduced before. 



Proof. Let [a, b] and [c, d] be the maximal horizontal and vertical interval of V con- 
taining c and set / = (I-p,x c ). First observe that / is minimally generated by x c 
and the set Ai consisting of the following elements: 

(1) Those inner 2- minors f 9t h of V such that x c <£ supp/ ffi /j 

(2) The degree 2 monomials x e xj with e G [a,b], f G [c,d] and e and / are 
different from c such that either [e, /] is an inner interval of V or e and / are 
anti-diagonal corners of an inner interval in V. 

To show that M. U {x c } is a reduced Grobner basis of / with respect to <| cx , it is 
enough to show that all S'-polynomials S(m, m') , m, m' G M. reduce to 0, because 
the ^-polynomial S(m,x c ), m G M. trivially reduces to 0. Take m, m' G M. and 
consider the non-trivial case when gcd(in < (m), in < (m')) ^ 1. 

If m and m' are both monomials, then the S-polynomial S(m, m') reduces to 
trivially. Next we consider the case when m is an inner 2-minor and m' is a monomial 
in M,. Let m = f g> h = XhX g — x p x q be an inner 2-minor of V and m' = x e Xf with 
e G [a, 6], / G [c,d\. Let c = (i,j), h = (k,l), g = (r, s), p = (r,/), and q = (k,s). 
We have following two possibilities: 

i<(fg,h) = XhXg, which gives r < i 



a m< 



XpX q , which gives r > i 



(b) in<(/fl,h) 

If in< f 9t h = XhXg, then we either have Xh = Xf or x g 



.if- 



If ^ h 



X/, then 
reduces to 
- x e , then q G [a, 6] and XfX q G .M, and the S'-polynomial ^(m, m') = XfX p x q 
reduces to 0. 



q G [c, d] and x e a;q G .M , and hence the ^-polynomial ^(m, m') = x e x p x q 
0. Ifx n 



If in<(/ fl ,h) 



x p a; g , then we either have x p 



Xf Or Xg 



./ . 



If x r . 



then (7 G [c,d] and x e x ff G 7W, and hence the S'-polynomial 5(m, m') 

21 



X e X}iX g 



reduces to 0. If x q = x e , then g E [a, b] and XfX g E .M, and the S'-polynomial 
S(m, m') = XfXhXg reduces to 0. 

Now we consider the case when m and m' are inner 2-minors of V. Let m = f g ^ = 
XhXg — x p x q and m' = f u>t = x t x u — x v x w . There are three possibilities: 

(a) in<(/ ff)h ) = x h x g and in<(/ tt) t) = x t x u 

(b) in<(/ ffjh ) = x p x q and in<(/ u , t ) = x v x w 



c m. 



XpXg and in<(/ U)t ) 
:{f g ,h) = x h x g and in<(/ u>t ) 



XyJCi 



If (a) holds, then as we have seen in Theorem 14 .![ the only non-trivial case to be 
discusses is when t — g, as shown in Figure | 
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Figure 24. 

It follows from the definition of stack polyominoes that f W} h € I-p- If x c ^ 
supp( f Wt h) then f Wj h E M. and as in Theorem l4.ll we see that S'-polynomial S(f 9i h, fu,g) 
reduces to 0. If x c E supp(/ tU) h), then h,q E [c,d] and u,w E [a,b]. It shows that 
the S-polynomial S(f 9i h, f u ,g) = XhX v x w — x u x p x q reduces to in I, because XhX w 
and x u x q belong to M.. 

If (b) holds, one can argue in a similar way by applying Remark 14.21 

Now suppose that (c) holds, then for c = (i,j), g = (r, s) and u = (m,n), we get 
r < i < m. In this case we either have w = h or v = h. 

Let w = h, then S(f g> h, f u ,t) — x v x p x q — x t x u x g . By definition of stack, there 
exists z E V{V) such that / 2jt = x t x z — x v x q E I-p. If x c ^ supp(/ Zi i), then / Z)i G A^ 



and S(fg th , f u ,t) = 
If x c E supp(/ Zji 






then x v x q , x u x g E M and again S(f 9th , f u>t 



reduces to 0, see Figure 1251 
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Figure 25. 



Now, let v = h. Then S(f g>h , f u>t ) = x g x t x u - x w x p x q . 



stack, there exists / E 



V(V) such that f g>t 
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XfXg X[Xp 



Again, by definition of 
E I-p, see Figure |26l It 
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Figure 26. 

is clear that x c £ supp(/ ff]t ), and S(f 9t h, f u ,t) = x u (x g x t - xix p ) + x p (x u xi - x w x q ) 
reduces to 0. □ 



Corollary 4.7. With the notation introduced in Theorem \4-6\ we have that (Ip,x c ) 
is a radical ideal. 

Proof. It is a known fact, see for example [U Proof of Cor. 2.2], that an ideal 
is reduced if it has a squarefree initial ideal. Hence the assertion follows from 
Theorem 14.61 □ 

Next, we are going to determine the minimal prime ideals of (I-p,x c ) where c 
is chosen as in Theorem 14.61 To this end we introduce some notation. For each 
element a G V(V) there exists a unique element 7r(o) G B-p such that a and ir(a) are 
in vertical position, see Figure [23 
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Theorem 4.8. With the notation and assumptions introduced in Theorem \4-6\ let 



P be a prime ideal containing (I-p,x c ), and let [c, e] be the maximal subinterval of 
[c,d] with the property that Xf G P for all f G [c, e]. Assume that e ^ d. Let 
[g,h] be the smallest horizontal interval of V with e G [g,h] and g,h G dV. Then 
Q e = (I-p, {x p : p G [^(g), h]}) is a prime ideal with (Ip,x c ) C Q e C P. 

Figure [2S] displays the situation as described in Theorem 14.81 

Proof of Theorem \4-8\ We first show the inclusions (I-p,x c ) C Q e C P. Obviously, 
(I-p,x c ) C Q. Let p G [ir(g),h]. If p G [c, e], then x p G P. Assume now that 
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p <£ [c,e]. Let e = (i,j), and define e' = (i,j + 1). Then x e > ^ P. We consider the 
smallest interval X of V(V) containing e' and p. Let e', p, q and r be the corners of 
X. Then X is an inner interval of V and either q or r belongs to the interval [c, e] . 
Say, q G [c, e]. Then ovrcp — x g x r elpCP and x g G "P. Therefore, a; e /x p G P. Since 
x e i (jz P and P is a prime ideal, it follows that x p G P. It shows Q e C P. 

It remains to be shown that Q e is a prime ideal. Observe that Q e = (J, {x p : p G 
[7r(g), /?,]}) where J is generated by the minors of the form 

(i) fa,b £ Iv with a = (k, I) and / > j. 
(ii) /a,6 ^ Iv with a = (fc, /) and I < j and a,b ^ [^(g), h] 

The ideal J\ generated by the minors in (i) is the ideal of inner 2-minors of a 
stack polyomino V which consists of cells of V with lower left corner a = (k, I) with 
I > j. Hence J\ is a prime ideal. 

Let V = {a G V(V) : a = (r,s),s < j and a ^ [ir(g),h]}, and ir(g) = (ii,t), 
n(h) = (i2,t). We define a map a: V — > V given by 



a(a) 



(r- (z 2 -ii + l),s), 



if r < ii, 
if r > «2- 



With the new co-ordinate assigned by a, the ideal J2 generated by the inner 2-minors 
in (ii) may again be identified by the ideal of inner 2-minors of a stack polyomino 
whose vertex set is contained in a(V). Furthermore, the generator of J\ and J2 have 
disjoint support. This implies that (J 1; J 2 ) is a prime ideal. Since J = (Xl, J 2 ), we 
conclude that Q e is a prime ideal. □ 

A vertex a G dV is called an inside (outside) corner of the stack polyomino V if 
it belongs to exactly three (one) different cells of V, see Figure |2H] in which inside 
and outside corners are shown by fat dots. 

In the situation of Theorem 14.81 we define the following prime ideals. 

(1) A = (i v ,{xr. 1 g Bp}), P 2 = (i v ,{xr. 1 g [c,d]}) 

(2) Let ei, . . . , e s be the elements of [c, d] with the property that the maximal 
horizontal interval of V which contains e, also contains an inside corner of 
V. For simplicity, we set Qi = Q ei , where Q ei is defined as in Theorem 14.81 

Corollary 4.9. The minimal prime ideals of (I-p, x c ) are P±, P 2 and Qi, Q2, . . . ,Q S . 
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Proof. Since Pi = Q c , it follows that Pi is a prime ideal. Observe that P 2 = 
(J, {%i\ I G [c, d]}) where J is the ideal generated by inner 2-minors f a ^ G Ip with 
a, b £ [c, d] . With the same argument as in the proof of Theorem 14.8} it follows that 
P2 is a prime ideal. 

Suppose Pi is not a minimal prime ideal of (Ip,x c ) and let P be a prime ideal 
such that (Ip,x c ) C P C P 1 . Then there exists a vertex a G Bp such that x a ^ P, 
and an inner 2- minor x a Xh — x c x g of V where g,h ^ Bp. Since x c G P and x a ^ P, 
it follows that Xh G P and hence x^ G Pi, a contradiction. Similarly one shows that 
P 2 is a minimal prime ideal of (Ip,x c ). 

Let Q be a minimal prime ideal of (Ip,x c ) different from P 1 and P 2 . Then there 
exists k G [c, <i] such that Xk ^ J. We let [c, e] be the maximal subinterval of 
[c, d] with the property that Xf G Q, for all / G [c, e]. Since e 7^ <i, by applying 
Theorem 14.81 we see that Q e C Q. Minimality of Q implies that Q e = Q. Now we 
show that Q = Qi, for some 1 < i < s. 

Let Q e = (Ip, {x p \ p G [7r(g), h]}) as described in Theorem 14.81 and suppose that 
neither g nor h is an inside corner of V. If [71(g), g] and [vr(/i), h] do not contain any 
inside corner of V, then Pi C Qe, and Q e is not a minimal prime ideal of (I-p,x c ). 
Otherwise, we may assume that there exists an inside corner in either [71(g), g] or 
[n(h),h}. If both intervals contain an inside corner then we let p be the inside 
corner with greater y-coordinate. We may assume that p G [n(g),g]. Observe that 
p is uniquely determined. Moreover, there exist two uniquely determined vertices 
/ G [c,d] and q G [7r(h),h] such that /, p and q are in horizontal position. Since 
7r(g) = 7i(p) and n(h) = 7i(q) which implies that [n(p),q} C [71(g), h], and that 
Qf £ Qe- Hence Q e is not a minimal prime ideal if none of g and h is an inside 
corner of V. 

Let Qi = (I-p, {x p : p G [^(g), h}}) as described in (2) such that either g or h is an 
inside corner of V. We may assume that g is an inside corner of V and g = (k, I). 
Assume that Qi is not a minimal prime ideal and P be a prime ideal such that 
(I-p, x c ) C P C Qi. Then there exists a vertex r G [vr((yf), /i] such that x r £ P. Let Xi 
and X 2 be the vertical and horizontal intervals respectively such that r G Xi, X 2 and 
Xi,X 2 C [?r(g), /i], and Xi and X 2 are maximal with this property. Since g is an inside 
corner, the vertices g' = (k — 1,1) and g" = (k,l+ 1) belong to &P. We see that 
r has the property that for any vertex s G Xi, s 7^ r,there exists an inner 2-minor 
x u x s — x r x t of V where t, u G [n(g'),g']. Since P is a prime ideal and x r ,x t <£ P, 
we obtain that x s ^ P, for all s G X x . In particular c ^ Xi, because x c G P. Also 
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for any s' G I2, there exists an inner 2-minor x r Xf — x s ix u i of V such that u', t' and 
g" are in horizontal position. Again, because P is a prime ideal and x r ,x t ' ^ P, we 
conclude that x' s ^ P for all s' G X 2 . On the other hand, since c £ I\ there exist 
sgli and s' G X 2 such that x r x c — x s x s i is an inner 2-minor of V . By using x c G P, 
it follows that either x s or av belongs to P, a contradiction. Hence we conclude 
that Qi is a minimal prime ideal of (I-p,x c ). □ 

In Figure [301 we display a stack polyomino P and all the minimal prime ideals of 
(I-p, x c ) as described above. The fat dots mark the interval attached to the minimal 
prime ideals and the dark shadowed areas, the region where the inner 2-minor have 
to be taken. 
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Figure 30. The minimal prime ideals of a stack polyomino 



Let qt = Qi/I-p and pj = Pj/I-p, for % — 1, 
Qi and Pj in K[P]. 



, s and j = 1, 2 be the residue classes 
Corollary 4.10. The class group C\(K[P]) of K[P] is free of rank s + 1 with basis 



cl(gi 



,cl(g s ),cl(pi 



Proof. Let [c, d] be a vertical interval of P of maximal size and [a, b] = B-p. Then 
for any p G V \ ([a, b] U [c, d]), there exists an inner 2-minor x c x p — x r x s of "P where 
r G [a, 6] and s G [c, d]. Thus, in K[V] Xs we have x p = x r x s x~ x . It follows that 
K[V] Xc = K[{xi : I G [a, b] U [c, d]] Xc . From Theorem E21 we know that dim K[P] a:c = 
dim if [P] = \[a,b]\ + \[c,d]\ — l. Hence K[{xi\ I G [a, b] U [c, d]}] is a polynomial ring. 
Consequently, K[P] Xc is factorial. By applying Nagata's Lemma 0, Corollary 7.2], 
Corollary 14.91 implies that C\(K [V]) is generated by cl(gi), . . . , cl(g s ), cl(pi), cl(p 2 )- 
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Since (x c ) = f)t=i <7i H j>i fl p 2 , it follows that 

r 
Y, Cl(<?i) + Cl(pi) + C1(P2) = 



i=l 



We claim that the above relation generates the relation module of the class group. 
Then the claim yields the desired assertion. 

Let Yh=i v i c Kli) + u i c KPi) + u 2 cl(p2) = be an arbitrary relation in the class 
group Cl(K[V}). Then Y%=i v i div(?i) +Widiv(pi) + « 2 div(p 2 ) is a principal divisor 
div(g) in Div(K[V]). Since x c G <2«,p./ for all i and j, the divisors div(^j) and div (pj) 
are mapped to under the canonical map Div(K[V]) — > Dw(K[V] Xc ). This implies 
that div(^) is also mapped to 0. Hence g is a unit in K[V] Xc . The only units in 
K[P]x c are scalar multiples of powers of x c , say g = Ax* with t G Z. Therefore, 



J^ Ui div (&) + tii div(pi) + w 2 div(p 2 ) = div(y) = div(x*) = t div( 






i=l 



Since div(x c ) = Yh=i div(gj) + div(pi) + div(p 2 ), the claim holds. D 

First, we fix some notation. As before, let [c, d] be a vertical interval of V of 
maximal size, and ei,...,e s be the elements of [c, d] with the property that the 
maximal horizontal interval [gt, hi] of V with e, G [gi, hi] contains an inside corner 
of V . We furthermore let e$ = c and e s+ i = d, and for i — and z = s + 1, 
we let [^j, hi] be the maximal interval of V with e, G [gi,hi]. Now we introduce 
the following numbers. We set rrij = size([^, hj]), for j = 0, . . . , s and m s+1 = 0. 
Finally we set rij = sizefe,, e J+ i], for j = 0, . . . , s. For the sake of uniformity, we set 
go = Pi- 
Theorem 4.11. Let c\(uj) be the canonical class of K[P]. Then 

s s 

XX m i ~ Yl n i) cl (<?j) forj = 0,...,s 

3=0 i=j 

is the representation of cl(w) with respect to the basis of Cl(K[V]) given in Corol- 
lary U23 



Proof. We proceed by induction on s. If s = 0, then V has no inside corners and 
desired formula follows from [THl Theorem 8.8]. Now suppose that s > 0. Localizing 
K[P] at Xh s+1 , we see that K[V] Xh is isomorphic to the localization at Xh s+1 of the 
polynomial ring extension K[V'] [X] where X = {x a : {a G [<7s+i,h s+1 ] U [h s , h s+ i], a ^ 
h s }}, and where V is again a stack polyominoe with n^ = rij and m^ = m, —m s , for 
i = 1, . . . , s — 1, see Figure I3T1 

Since Cl^fP'JLY]^,) = Cl(/i[P']), we obtain a natural map a: GL(K[P]) -»■ 
Cl^fT 7 ']). Let pj = q' , ■ ■ ■ ,Q' s _ 1 ,p' 2 be the corresponding generators of C1(.K"['P / ]). 
Then a(cl(gj)) = cl(g-) for i = 0, . . . , s - 1, and a(cl(q s )) = cl(p 2 ) = - E|=o c %0- 

Let cl(w) = X)|=o A^cl^i). Since the canonical cl(w) of K[V] is mapped to the 
canonical class cl(u/) of K[P'], we have 
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Figure 31. 



Applying the induction hypothesis we have 

s-1 s-1 

(2) fii - fi s = m't - ^n'i = rrii - m s - ^Ui 

j=i t=l 

Localizing J^["P] at the variables corresponding to the outside corners of "P different 
from go,h ,g s+ i and /i s+ i and using again [121 Theorem 8.8], we see that fi s = 
m s — n s . Hence the desired formula follows from ([21 . D 

As an immediate consequence of Theorem 14.111 we have the following 

Corollary 4.12. The K-algebra K[P] is Gorenstein if and only if rrii = J2j=i n j! 
for i — 0, . . . , s. 

Figure [32] shows example of a Gorenstein stack polyomino and a non- Gorenstein 
stack polyomino. 



Gorenstein 



Not Gorenstein 



Figure 32. 
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